Abstract. Let V (KG) be the normalized group of units of the group ring KG of a non-Dedekind group G with nontrivial torsion part t(G) over the integral domain K. We give a simple method for constructing free objects in V (KG). In particular, we show that V (KG) always contains the free product C n ⋆C n of two finite cyclic groups. We construct examples of subgroups in V (KG) which are either cyclic extensions of a non-abelian free group or C n ⋆ C n .
Theorem 2 of our paper provides an explicit answer to this question, proving that for fixed a, b ∈ G, it is enough to choose w = a k ∈ G. Theorem 1 "almost" provides a simple alternative proof of the result of B. Hartley and P. F. Pickel. Moreover, we prove that the group ring KG of a non-Dedekind group G which has at least one non-normal finite subgroup of order n always contains the free product C n ⋆ C n as a subgroup.
Finally, in Lemma 2, we introduce and study a new family of torsion and non-torsion units in V (KG). This lemma might has some significance in itself.
We denote by C n and C ∞ the cyclic group of order n and of infinite order, respectively. If A, B ≤ G are subgroups of G, then we denote by A ⋆ B the free products of these subgroups. Denote the normalizer of a subgroup H in G by N G (H). If |a| is the order of a ∈ t(G), then we put a = |a| i=1 a i ∈ ZG. If x = g∈G α g g ∈ KG, then supp(x) denotes the set {g ∈ G | α g = 0}. The gcd of the natural numbers k and l is denoted by (k, l).
Let C be a class of groups. The group G is called residual for C, if for each g ∈ G \ {1}, there exists a normal subgroup N ⊳ G such that g ∈ N and G/N ∈ C.
Our main results are the following. Theorem 1. Let K be an integral domain and let G be a group which has at least one non-normal finite subgroup a . Let
Let 1 ≤ k < |a|. The elements u k = a k + (a − 1)b a and z k = w −1 u k w are units in KG and the following conditions hold:
Theorem 2. Let K be an integral domain and let G be a group which has at least one non-normal finite subgroup a . Let b ∈ G \ N G ( a ). Let 1 ≤ k < |a|. Then the following conditions hold:
is a cyclic extension of a non-abelian free group;
Moreover, in these cases H k is a residually torsion-free nilpotent group.
To prove our results we first recall the following well known facts. Let a | a n = 1 be a cyclic group. Define the homomorphism
We often use the fact that for any w ∈ K a there are exists a polyno-
, Proposition 2.7, p.9) Let H be a subgroup of a group G and let K be a ring. The left annihilator L in KG of the right ideal
is different from zero if and only if H is finite. If H is finite, then
Now we are able to prove the following lemma.
Lemma 2. Let G be a group which has at least one non-normal finite subgroup a and let
b a is a unit in KG and the following conditions hold:
Proof. Clearly 1 = w = 1 + (a − 1)b a ∈ V (KG) and the element
is also a unit of KG, because u
Furthermore, if (k, |a|) = s > 1, then by Lemma 1 we get that
Hence u k has infinite order, because from (1) and from the generalized Berman-Higman's theorem (see [1] , 1.2, p.5 or [3] ) follows that
Otherwise, when (k, |a|) = 1, by Lemma 1 we have
so by (1) the orders of the elements u k and a coincides.
Lemma 3. Let G = a be a finite group and let
, then for any integers j, l, s ≥ 0 and β ∈ Z the following conditions in KG hold:
for any integers j, l, s ≥ 0 and β ∈ Z. Now the rest of (2) follows trivially from Lemma 1, because
Lemma 4. Let G be a group which has at least one non-normal finite subgroup a and let
. Define the following elements of KG:
Proof. Since b ∈ N G ( a ), we have x α = 0 and y α = 0. Now
because the supports of these elements are different, a contradiction.
Proof the Theorem 1.
. It is easy to see that
Here u
Let τ k (this is a symbol, not a product) denote a natural number from {k, |a| − k}. Obviously F m,τ k (x) = 0 and from (3) we get
If m ∈ Z and α, γ ∈ {±}, then using induction on |m| ≥ 2, from Lemma 4, (3) and from the fact m i
we have
where the symbol τ k = k for m ≥ 0 and overwise τ k = |a| − k.
Moreover the symbol γ = α for m ≥ 0 and overwise γ is the opposite sing to α. This yields that if l i ∈ {x + , y + } and α i ∈ Z then
where z i ∈ {x ± , y ± } and β i = |α i | for all i = 1, . . . , m. Any word from the set {u k , z k } can be reduced to the following form
If |α i | ≥ |a| for some i, then there exist the integers l > 0 and α Applying these reductions, we can assume that for a fixed m, the word P m can be written as P m = t 
where
, so using this fact and Lemma 4, we get
Now using (7) and Lemma 4 we obtain that (8)
where 0 ≤ π i < |a| and put π 1 = 0. In the sequel the exact value of π i (except that π 1 = 0) is not important for us. Since z i ∈ {x ± , y ± }, from the last equation we obtain that (9)
where G j (a) = l∈I j a π l f l , (j = 1, . . . , 4) and I 1 , I 2 , I 3 , I 4 form a pairwise distinct partition of the set {1, . . . , m}. Clearly at least one (say x − ) of the elements from {x ± , y ± } has to appear on the right side.
Let us prove that G 1 (a) = 0. Clearly f l = 0 for all l ∈ I 1 , because
by (4) as (β l , |a|) = 1 and |a| − k < |a|.
In the sequel for the polynomial F m,|a|−k (x) from (3) we allow that m ≤ |a| and the condition (m, |a|) = 1 is not required. For each a π l there is a β j = β j (l) such that a π l = 1 + ∆ −k (a − 1)f j (see (4)). Put β n = n. Moreover if β n ≤ β i + β j ≤ 2β n , then β i + β j = β n + β k for some 0 ≤ β k < β n (of course the condition (β k , |a|) = 1 is not required) and, consequently, (see (5)) the following equation holds
Now using the last equation, (4) and the well known equation
it is easy to see that
because the elements (a − 1) s for 1 ≤ s < |a| form a basis of the augmentation ideal ω(K a ) of the group ring K a (see [4] ), and at least a
which is impossible, because the left hand side of this equation is nonzero by (11) and the supports of the left and right hand sides are different. Consequently, G 1 (a)x − = 0 (Similarly it is easy to apply this technique to prove that either G 2 (a)x + = 0 or G 3 (a)y − = 0 or G 4 (a)y + = 0, as one of {x + , y ± } necessarily appears in (10)). Moreover, applying a similar arguments to the nonzero part of (11)), we can show that M(a) = 0. This yield that P m = 1 (see (10)) for any m > 0, which means that u k , z k is a free group.
(ii) The proof is similar to the case (i).
Note that if G = D 2p is the dihedral group of order 2p (p is a prime), then part (i) of the Theorem 1 does not implies that V (KG) contains a free group as a subgroup.
Proof of the Theorem 2. In [6] , W. Dison and T. R. Riley introduced a family of one-relator groups
that are called Hydra groups. These groups are cyclic extension of a non-abelian free group. In [2] , G. Baumslag and R. Mikhailov proved that the Hydra groups (similarly to free groups) are residually torsionfree nilpotent. Let G be a group which has at least one non-normal finite subgroup a and let b ∈ G \ N G ( a ). If 1 ≤ k < |a|, then by Lemma 2
are nontrivial units in KG and w, a k = w, wa k = w, u k . Using straightforward calculation, we have
Finally, it is easy to check that (13) (u k , w, w) = 1.
1
Now we are able to prove our result. (i) Let (k, |a|) = 1 and b ∈ N G ( a k ), where 2 ≤ k < |a|. The elements w, u k ∈ V (KG) have infinite order (see Lemma 2(i)). Denote a free group of rank 2 by F 2 . Since the Hydra group H 2 (x, y) (see (12)) is the third member of the following exact sequence 1 → x, x y ∼ = F 2 → H 2 (x, y) → y ∼ = C ∞ → 1, by (13) and by Theorem 1(i) we obtain that
The proof of the remaining part (i) follows from the Theorem 1 of [2] .
(ii) Let (k, |a|) = 1, where 1 ≤ k < |a|. Clearly u k ∈ V (KG) has finite order |a| by Lemma 2(ii). Similarly to the previous case, by (13) and by Theorem 1(ii) we obtain that H k = w, a k = u k , w ∼ = x, y | x |a| = 1, (x, y, y) = 1 , so the proof is done.
Our result motivates the following Problem. When does V (KG) contain the Hydra group H r (x, y) as a subgroup the for r ≥ 3?
Finally, note that if the group G has at least one non-normal finite subgroup a and g, h ∈ G \ N G ( a ), then in [5] , using the technique of this paper, it was proved that the group a i +(a−1)g a, a j +(a−1)h a is isomorphic either to C ∞ ⋆ C ∞ or to C |a| ⋆ C ∞ or to C |a| ⋆ C |a| , where 1 ≤ i = j < |a|.
